Abstract. Starting from the addition formula for little q-Jacobi polynomials, we derive a new addition formula for the little q-Bessel functions. The result is obtained by the use of a limit transition. We also establish a product formula for little q-Bessel functions with a positive and symmetric kernel.
Introduction
The Bessel functions are defined by [23] (1.1)
These functions satisfy several addition formulas [23, 22, 8] . For example the Graf's addition formula
where |ys ±1 | < |x|, for general n and due to Neumann (1867) for n = 0 (see [23] ). Another addition formula obtained by Gegenbauer, is more connected with the theory of spherical waves. It is (x 2 + y 2 − 2xy cos(φ))
α J α ( x 2 + y 2 − 2xy cos(φ)) (1.3)
where C α k (cos(φ)) are the ultraspherical polynomials (see [18] ). Formula (1.3) implies a product formula for Bessel functions, important in harmonic analysis and applied mathematics. It is related to the generalized translation associated with the Bessel operator introduced by J. Delsarte [3] . Also, the product formula together with its positivity plays a central role in the development of the classical harmonic analysis. Many q-analogues of the Bessel functions exist. The oldest ones were introduced by Jackson in 1903 Jackson in -1905 . They were rewritten in modern notation by Ismail [11] . Other q-analogues can be obtained as formal limit cases of the three q-analogues of Jacobi polynomials, i.e., of little q-Jacobi polynomials, big q-Jacobi polynomials and AskeyWilson polynomials. For this reason we propose to speak about little q-Bessel functions, big q-Bessel functions and AW type q-Bessel functions respectively for the corresponding limit cases (see [17] ). Also observe that the little q-Bessel functions were already given by Jackson (1904) , and that they are often called Jackson's third q-Bessel functions (see [12] ). In this paper we are concerned with the little q-Bessel functions defined by [19] (
It will be convenient to use the slightly different functions j α (z; q 2 ), called normalized little q-Bessel functions, which are defined by [4] (1.5)
There are now several addition formulas available for little q-Bessel functions. The first one is a q-analogue of Graf's addition formula [21] , established by R. F. Swarttouw by using an analytic method. A special cases of this addition formula is a q-analogue of Neumann's addition formula for little q-Bessel functions J 0 . The second addition formula is also a q-extension of Graf's addition formula. This formula has originally been discovered by Koelink [14] using the interpretation of the little q-Bessel functions on the quantum group of plane motions. The third addition formula is a q-analogue of Gegenbauer's addition formula derived by R. F. Swarttouw [21] . The purpose of this paper to point out that a new addition formula for the little q-Bessel functions can be derived as a limiting case of an addition formula for the little q-Jacobi polynomials established by Floris and Koelink (see [7] , [6] ). Our procedure is suggested by the observation that the normalized little q-Bessel functions j α (z; q) can be obtained as a confluent limit of the little q-Jacobi polynomials.
Notations and Preliminaries
Let a, q ∈ R such that 0 < q < 1 and n ∈ Z + . The q-shifted factorial are defined by [9] (2.1) (a; q) 0 := 1 , (a; q) n :=
For negative subscripts the q-shifted factorial is defined by (2.2) (a; q) −n := 1 (aq −n ; q) n , n = 0, 1, 2, ... .
We also define
Recall that, for n, m ∈ Z + and α > 0, we have 
where (a 1 , ..., a r ; q) n := (a 1 ; q) n . . . (a r ; q) n .
In particular, the 1 ϕ 1 basic hypergeometric series satisfies the relation
Proposition 2.1. Let n ∈ Z and a ∈ C. The basic hypergeometric series 1 φ 1 satisfies the relation
In addition,
Proof. Let n ∈ N. From (2.6), we can write
The first n terms of the series vanish, so the summation on the right-hand side of (2.9) starts with k = n, we obtain after replacing k by k + n
Thus, we have shown the relation (2.8) for n ≥ 0. The case n < 0 follows from the case n > 0 by changing z by zq −n and a by aq −n in (2.8) and using relation (2.2).
limit transition with q-orthogonal polynomials
Bessel functions (1.1) are limit cases of some orthogonal polynomials. A well known limit transition is the one between the normalized Jacobi polynomials and the Bessel functions J α (z), which we can rewritten as
The q-analogue of limit transition (3.1) starts with the little q-Jacobi polynomials, which are defined by
and which satisfy the orthogonality relation
where α > −1 and β > −1, see [18] . The q-analogue of the limit (3.1) from the little q-Jacobi polynomials p n (x; a, b; q) to the normalized little q-Bessel functions is given in the following proposition.
Proposition 3.1. For α > −1 and β > −1, we have
uniformly on compact subsets of C.
Proof. From (3.3), we can write
Let |x| ≤ M. By inequality (2.5), the summand of the sum at the right hand side can be majorized by
On the other hand a simple calculation shows that
Then the result follows from (3.6) and (3.7) by dominated convergence.
Another limit transition from orthogonal polynomials to the Bessel functions, starts with the Krawtchouk polynomials [19] . In this work we consider the affine q-Krawtchouk polynomials. They are defined by [18] (3.8)
where 0 ≤ z ≤ N and 0 < tq < 1. They satisfy the orthogonality relation
Next, we will establish a limit transition from affine q-Krawtchouk polynomials to big q-Bessel functions, which are defined by
Proposition 3.2. Let N, z, and l ∈ Z + , with z + l ≤ N and 0 < tq < 1. Then
Proof. From the following identity (see [9] )
we can rewrite the affine Krawtchouk polynomials as
Now, by (2.5), we see that
On the other hand
So, the proposition follows by dominated convergence.
addition formula for the little q-Bessel functions
Let x ∈ C, t ∈ (0, q −1 ), ν > 0 and l, m, z, and N ∈ Z + with z + l ≤ N. We consider 
Let l, m, k ∈ Z, with m ≤ l, then from the formula (4.2) we obtain
r−s p l−r (q z+s−r , q ν+r+s , q r−s ; q)p l−r (tq z+s−r , q ν+r+s , q r−s ; q)
The addition formula for the little q-Bessel functions can be obtained formally as a limit case of the formula (4.6). (1 − δ rs )q (r+s)(z+s−l+1) t r (q N −z+1 ; q)
In order to justify the limit transition from the little q-Jacobi to the little q-Bessel functions we first prove the following lemma.
Lemma 4.2. For ν > 0 and N, z, r, s ∈ N, we have
Proof. In the sum defining p s (q N −z , q ν−1 , q r−s ; q) replace the summation index k by s − k and apply elementary relations for the q-shifted factorial (see [9] ) to obtain
By (2.4) and q-binomial theorem (see [9] ), we get
Hence
Proof. (Theorem 4.1) In the addition formula for the little q-Jacobi polynomials p n , replace l by l + m, z by z + m, x by q x+m and N by N + m, we get addition formula for
r−s p l+m−r (q z+m+s−r , q ν+r+s , q r−s ; q)
As m → ∞, the right-hand side and left-hand sides of these formula tends to the righthand side and left-hand side of the addition formula for q-Bessel (4.7). We give a rigorous proof of these limits by using the dominated convergence theorem. From (4.3) and (4.4) there exists a positive constant K such that
l+m,l+m,r,s (q) ∼ Kq −(l+m)(r+s)+s(s+r+1) as m → ∞.
Then by the use of proposition 3.2 and lemma 4-2, the summand in the first sum of the second hand side of next formula is bounded in absolute value by Cq −l(r+s)+1/2s 2 , where C is positive constant and independent of s, r. Similarly, the summand in the second sum at the second hand side of next formula is bounded in absolute value by Cq −l(r+s)+1/2r 2 .
In the following corollary we rewrite the addition formula in theorem 4.1 in terms of the normalized little q-Bessel functions. (
Throughout the next formula is called addition formula for the normalized little q-Bessel functions. Now if we let N to infinity in these formula we obtain for ν > 0, µ > −1 and
q (s+r)(z+r) q s(1+µ) (q ν ; q) r (q ν ; q) s (q; q) r (q; q) s × j ν+r+s (q z+r ; q)j ν+r+s (q z+r+µ ; q)j µ (q x−z−r−s+1 ; q).
Product formula
Taking l = m + k, with k ∈ N in formula (6.2) of [7] gives the following product formula for the little q-Jacobi polynomials:
Formally the product formula for the 1 φ 1 series can be obtained as a limit case of the product formula (5.1) for little q-Jacobi polynomials. In (5.1) just replace z by z + k and make the substitution N → N + m and x → x + m. and let m to ∞, we obtain the formula cited in the following proposition.
Proposition 5.1. For ν > 0, and x, y, z ∈ Z with x ≤ y, we have
Theorem 5.2. For ν > 0, and x, y, z ∈ Z, we have the following product formula for the normalized little q-Bessel functions
where
Furthermore, the kernel
is symmetric in x, y and z.
Proof. The formula (5.3) follows from (5.2) and (1.5). To show the kernel (5.5) is symmetric it suffices to prove (5.6) q (ν+1)x △(q x , q y , q z ; q) = q (ν+1)z △(q z , q y , q x ; q), and (5.7) q (ν+1)x △(q x , q y , q z ; q) = q (ν+1)y △(q y , q x , q z ; q).
By application of (2.7) and twice (2.8), we can write, for x, y, z ∈ Z 
